Abstract: This paper deals with the problem of robust stabilization of neutral timedelay systems using Proportional-Integral-Derivative (PID) controller. A graphical approach which will obtain the set of robust stabilizing PID controllers is presented. The main point in this approach is the frequency response of the neutral system, which can effectively reduce the mathematical complexities of system modeling. It is shown that our the proposed method is effective and useful for many of real control systems deal with time-delays and parametric uncertainties. It is illustrated by an example at the end.
Introduction
Proportional-Integral-Derivative (PID) controllers have become the best known controllers since their entrance to industrial applications and are used frequently due to their simplicity and good performance [1] . Despite their wide application, determining of all stabilizing regions of PID controllers has been studied just only in the last decade [2] . In [3, 4] , a mathematical generalization of the Hermite-Biehler theorem to find all stabilizing PID controllers for systems with time-delay has been used. In [5] , the entire region of PID controller has been obtained for linear time-delay systems. In recent years, the robust stabilization of neutral time-delay systems has received considerable attention and has been has been the focus of much research (see [6, 7] and references within).
In this paper, a graphical PID controller design approach for control systems with neutral time-delay is proposed which guarantees the required stabilizing margins of the closed loop system for the uncertain system. Basic knowledge of robust control theory seems sufficient in this proposed approach and the method is easy to understand. Therefore, simplicity is the main characteristic of the approach. The results of the simulations show the effectiveness of proposed method.
The rest of the paper is organized as follows. Section 2 states the problem and preliminary. In section 3 the nominal and robust stability criterion are discussed. All different stabilizing regions which will ensure nominal and robust stability are determined in section 4. Simulation results which will show the correctness of the design approach are shown for an illustrative example in section 5. Finally, results of this paper are summarized in section 6.
Problem Statement
The most general form of PID controller is the second order system in the s-domain defined by
In this paper, this controller is implemented for a linear neutral delayed system with the following general transfer function form:
where T is time-delay p(s), q(s) and r(s) are real polynomials. According to [8] , the system is of neutral type if degrees of p(s) and q(s) are the same. PID Robustness of this type of system is the main consideration in this paper. Although there are different forms of model uncertainty [9] , but an additive uncertainty modeling structure which is shown in Figure 1 , is chosen in this paper as this uncertainty description is closely related to the transfer function representation of system. Here K(s) represents the PID controller defined by transfer function in (1), the input signal is R(s) and the output signal is Y (s), G △ (s) is the uncertain system, G(s) is the nominal system without uncertainty, ω A (s) means the additive weight and is a rational transfer function in this study and ∆ A (s) is a stable transfer function so that ∀s |∆ A (s)| ≤ 1.This kind of uncertainty can be represented by following equation in frequency domain approach.
Stabilization of Linear Uncertain Neutral Delayed systems
In this section, we study the mathematical formulations for the nominal and robust stability problem in details in following sub-sections.
Nominal Stability of Linear Neutral Delayed Systems
In the nominal case, based on standard unity feedback like Figure 1 (without uncertainty), the characteristic equation in frequency domain (s = jω ), can be written as
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PID controller and transfer function form at (1-2) can be represented as
Therefore (4) can be written as
The numerator becomes
Now all stabilizing regions can be determined like what is shown in Figure 2 (Right). Note that we complete the calculations here just for a constant value of
plane at a constant value of k p , nominal and robust stability cannot be obtained directly by (15) and (21) 
Robust Stability of Linear Neutral Delayed Systems
In order to analyze the stability in presence of uncertainty nominal system should be stable. For getting robust stability in this condition, following theorem is stated from [9] .
Theorem 1. Small gain theorem: If L(s) is a system with a stable loop transfer function, then the closed-loop system is stable if
where
As a result from this theorem, if ||L(jω)|| ∞ < 1 the closed loop system is stable. Using this theorem and uncertainty structure in Figure 1 , it is usually said that if system is robustly stable, the following constraint is met for additive uncertainty:
For robust case, we can rewrite (6) as:
The rational function can be written as:
Then by continuing calculation in (9), the numerator of (12) can be simplified as 
All Stabilizing PID Controller Regions
The following steps are proposed to find the boundaries of all stabilizing PID controller.
1. Decompose the frequency form of the system without delay and uncertainty into real and imaginary parts, and substitute them into (5)- (9) to obtain the parameters.
2. Analyze the neutral system in presence of time-delay and additive uncertainty, and do the previous step again. (Eqs. (5)- (14) should be considered)
3. Determine the PID nominal and robust stability boundaries of the system using their related equations in this section, respectively.
Finally, plot all the different stabilizing regions.
Here based on the step 3, we'll complete equations obtained in the previous section. For the nominal case, by putting (10) equal to zero, we have
which results in
and
Since
where θ(ω) = ∠G(jω), (16) and (17) can be simplified as
Robust consideration yields
which implies
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which can be simplified using (18) if necessary. Using (21)- (24), the nominal stability boundary and robust stability region are obtained in the (k p , k i ) plane. The approach is explained in the following illustrative example.
Illustrative Example
In this example we consider the neutral time-delay system with following transfer function considered in [8] .
The range of the unknown time-delay is considered as T ∈ [0.5, 1.5] . So the uncertain model of the system is G ∆ (s) =
. For this system, we can write (3) as,
Therefore, it is required to find
For determining the ω A (s), at first we plot the additive uncertainty which is the right part of inequality and is shown in Figure 2 and then based on approximate estimation, transfer function form is determined. MATLAB/SISOTOOL is used to facilitate this choice. The MATLAB/cftool can also be used by fitting a good rational function. Here it is obtained as
This is specified in Figure 2 Now it can be seen that for robust K 1 (s), we have
It is clear that our expectation has been satisfied. In Figure 5 (left side), their magnitude is shown for different frequencies which is verified these calculations. Repeating this procedure in MATLAB shows that any controller selected from inside the robust stability region is capable of robust stabilization of the system. Step response of the closed loop system for the entire unknown time-delay range is also plotted in the left side of Figure 4 
Conclusion
In this paper, a graphical design approach was introduced for finding all PID stabilizing regions of uncertain neutral time-delay system. This proposed design method was based on the frequency response of the system and it can reduce the complexities involved in system modeling. An example for illustrating this approach was studied. The results were satisfactory and the nominal and robust stability regions were determined.
